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O-i! Abstract 
D , 

' In this paper we analyse the vacuum polarization effect associated with the 

charged massless scalar field, in the presence of magnetic flux at finite temperature, 
^ , in the cosmic string background. We consider a spacetime of an idealized cosmic 

^ I string which presents a magnetic field confined in a cylindrical tube of finite radius. 

Two different situations are taken into account in our analysis: (i) a homogeneous 
field inside the tube and (ii) a magnetic field proportional to 1/r. In these two 
cases, the axis of the infinitely long tube of radius R coincides with the cosmic 
string. Specifically, we calculate the effects produced by the temperature in the 
renormalized vacuum expectation value of the square of the charged massless scalar 
field, {4>*{x)(j){x)). Therefore, in order to realize these analysis, we calculate the 
Euclidean Green function associated with this field in this background. 
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1 Introduction 



Our objective in this paper is to investigate the effect produced by the geometry 
of the spacetime and a magnetic flux on the vacuum polarization effects associated 
with a charged massless scalar field, at finite temperature. 

Apart the thermal effect, the complete analysis about the behavior of a quantum 
charged field in the neighborhood of an Abelian vortice, must take into account the 
influence of the geometry and the magnetic field produced by this object. In this 
way, two distinct cases can be analysed: i) In the first one, the vortice is considered 
as being a thin linear topological defect, having a magnetic filed running along it. 
This case can be treated analytically, ii) In the second case, we consider that the 
string has the non-zero thickness. Analytically this problem becomes intractable. 
We shall adopt here an intermediate approach. We shall use an approximated 
model, considering the spacetime produced by the vortice as being of a cosmic 
string, however having a magnetic field confined into an infinitely long tube of 
radius R around it. In this way, some improvement is introduced when compared 
with the ideal case. Because the configuration of vortice magnetic field can not 
expressed analytically, in attempt to describe the real situation, we shall admit 
specifics spacial behaviors for the magnetic field inside the tube. The magnetic 
field along z direction, can be represented by H{r) = H(r)z. Now, assuming that 
the field is confined in a finite range in the radial coordinate, we are particularly 
interested in the following two models: 



where R is the radius extent of the tube, @ is the Heaviside's function and <I> is 
the total fiux. The ratio of the fiux to the quantum fiux $o, can be expressed by 
6 = ^/^o = N + 'J, where N is the integer part and < 7 < 1. 

The analysis of the behavior of the charged massless scalar field in the spacetime 
of an idealized cosmic string, considering these configurations of magnetics field, has 
been developed by Spinelly and Bezerra de Mello in [H [2] at zero temperature. 

Recently, some authors have investigated the effects of temperature on the 
vacuum polarization effects in the cosmic string spacetime O [U [5] . The standard 
procedure to introduce temperature effects is by calculating the thermal Euclidean 
Green function. This can be done for an ultrastatic spacetim^l] by knowing of 
the Green function at zero temperature and applying the Schwinger-De Witt 
prescription [6]. 

Because we already know the Euclidean Green function at zero temperature 
[Tl[2], we shall adopt this prescription for obtain the thermal Green function. 

This paper is organized as follows: In the section 2 we shall calculate the 
Euclidean thermal Green function associated with a charged massless scalar field 
on this system. In the section 3, using the results obtained in the last section, we 
shall calculate the thermal renormalized vacuum expectation value of the square of 
the charged massless scalar field, {(j)* {x)(j){x)) nen.- Finally, we leave for the section 
4 our conclusions. 

^ An ultrastatic spacetime admits a globally defined coordinate system in which the components of the 
metric tensor are time independent and the conditions 500 = 1 and g^i = hold 




homogeneous field inside 



field proportional to 1/r inside. 





2 



2 The Euclidean thermal Green function 



The Green function associated with the charged massless scalar field at zero 
temperature, must obey the following non-homogeneous second-order differential 
equation 

-^D^ [^g^^-D,] G{x,x) = - x') , (3) 

where = — ieA^^ been = (0, 0, A(r), 0). 

In order to reproduce the configurations of magnetic fields given by ([T]) and ^ , 
we must write the third component of the vector potential by 

A = ^a(r) . (4) 

For the two models considered, we can represent the radial function a(r) by: 

a{r) = f{r)@{R-r) + e{r - R) , (5) 

with 

, _ J r"^ /R^, for model (i) and , . 

r/R, for model (ii). ^ ' 

On the other hand, we assume in our approach that the spacetime produced by 
the vortice will be the idealized cosmic string one, which, in cylindrical coordinate, 
reads 

ds^ = -df + dr'^ + a^r'^dO'^ + dz^ , (7) 

where the parameter a is smaller than unity and codify the presence of a conical 
two-surface (r, 9). 

For the models 1 and 2, the solutions of the equation ([3]), for points outside the 
magnetic flux, i.e., for r > R, are given by [2]: 



+ 



where u = (n — 5) /a, 



^iNAe giAe sinh(7'Uo/a) + sinh[(l - 7)^0/0] 
Sir'^arr' sinh uq cosh(tio jot) — cos 

00 

e-^^Z)^(^i?)i^|,|K)i^|,|K'), j = 1,2 , (8) 



cosh.„ = !:!±^-±i^;l^±i^ (9) 
2rr 



and 



''"^'^''^ H,{R)K\^^{u^R)-B'^{R)K\,\{ujR) ' ^'"^ 
In the above equations the functions Hj{r) are given by: 



^i(r) = -M.„A,(^r^), (11) 
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with £71 = - ^^^^)/2 and Ai = n/2a, and 

H2{r) = ^M^.^xACr) , (12) 

with a2 = ^((52 - u;2i?2a2)-i/2^ ^2 = n/a and C = ^^((^^ + w2^2^2)i/2_ Moreover, 
Mg-;^ is the Whittaker function, while /|^| e K^^^ are the modified Bessel functions 

m- 

Supported by previous analysis, we can determine the thermal Green function, 
Gt{x,x'). Following the Schwinger-De Witt prescription. This function is 

oo 

GTix,x')= Gooix,x' -IXP) , (13) 

(=— oo 

where A = (1,0,0,0) is a Euclidean unitary time-like vector and (3 = l/fc^T, being 
kB the Boltzmann constant and T the absolute temperature. 

In agreement with the equations dSD and p3p . the thermal Green functions 
associated with the massless scalar field, in the cosmic string spacetime and in the 
presence of magnetics field described by models 1 and 2, are given by: 

U x') = ^'^^^ y e'^^smh{jui/a) + sinh[(l - j)ui/a] 
^ ' Svr^arr' ~^ sinhti/ (cosh(ti//Q) — cos A0) 

oo 

Y e-^^D^(^i?)i^|,|(.;r)i^|,|(^r'), j = l,2, (14) 



+ 



being 



coshn, = -—, . (15) 

Zrr 



3 The Computation of ((/>*(x)(/)(x))i?en. at Non- 
zero Temperature 

The main objective of this paper is to investigate the effects produced by the 
temperature in the renormalized vacuum expectation value of the square of the 
charged massless scalar field, {(p* {x)<f){x)) on this spacetime. In order to do this, we 
shall take the coincidence limit of the respective Green function. However, this result 
is divergent. In order to obtain a finite and well defined result, we must apply some 
renormalization procedure. Here we shall adopt the point-splitting renormalization 
one. It has been observed that the singular behavior of the Green function has the 
same structure as given by the Hadamard one, which on the other hand can be 
written in terms of the square of the geodesic distance between two points. So, here 
we shall adopt the following prescription: we subtract from the Green function the 
Hadamard one before applying the coincidence limit as shown below: 

{(i)*{x)(i){x))T,Ren. = hm Gip{x , x') - G h{x , x') 

= {4>*ix)4>{x))T,Reg. + {4>* {x)4>{x))t=0 + {4>* {x)4>{x))t (16) 
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The first term on the right side of the above expression, represents the thermal 
contribution coming from the interaction between charged massless scalar field with 
a magnetic flux considered as a flux line running along the cosmic string. Fortunately 
this expression has been obtained by Guimaraes in [5], and is given by 



{(f)*{x)4){x))T,Reg. 

where 



1 



+ 



1 



12/3 levr^ar Jo 



coth 



^rcoshn/2 



coshn/2 



Fi^Hu,0) , (17) 



(n,0) 



^sin [717/0] cos [u (1 — 7) /a] + sin [u (1 — 7) /a] cos [vr7/a] 
coshn/a — cosvr/a 



The two last terms in (|16p are corrections on the vacuum polarization due to 
flnite thickness of the radius of the magnetic tube and non-zero temperature. The 
term {4>'^{x))j'^q, corresponds to correction only due to finite thickness of the radius 
of tube, it was given in [H [2], and reads 



{4>\x)) 



127 



T=0 



a(27 + a) 



w 



N 



L J 



r 



where 



W2 



n 



a 



n 



2n\ 



1 ) Ma„a,(V«) +(! + — ) M-y,Mid/a) 



a 



Ma2,Ai(2V«) + 



1 2n\ 
2^ a J 



M. 



72,^2 



{25/a) 



and 



(18) 

(19) 
(20) 
(21) 

(22) 



4 = Ma,,Ai(2V«) , , , 

being 71 = (n + 2a)/2a, 72 = (n + a)/a and v = The term {4>*{x)cj){x))j^ 

is the new one, it represents the correction on the expression above due to non-zero 
temperature. This term can be expressed by 



(0*(x)0(x))? 



1 



Sjir) , 



where 



00 ^QQ 00 

1=1-'^ n=-oo 



1,2 



(23) 



(24) 



with ^ = (5/r. 

Unfortunately we cannot provide a closed expression to Sj{r). The best we 
can do is to present its behavior as function of r and T numerically. We can 
shown that the most important contribution in the n sum above comes from 
n = N. On other hand we observe that we can change the exact expressions of 
the coefficients D^{vR/r) by the approximated one. The approximated expressions 
for the coefficients, which are obtained when we take R/r <^ 1, are given by [2] 



DiivR/r) 



T{\u\ + l)T{\u\) I < + 



2r 



(25) 
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Consequently the sums Sj{r) becomes 



r(7/a + l)r(7/a) yw^ + j/az'^j 



2rJ 



(26) 



1=1 



Even considering the approximated expression to the coefficient D-^{vR/r), we 
can not obtain an analytical expression for the sum Sj{r). However, through a 
numerical analysis we can determine dependence of this sums depend with the 
temperature. Considering R/r = 10~^, 7 = 0.2 and a = 0.99, we have that the 
behaviors of the sums Sj{r), for high temperature, are given by figure bellow. 



3n 



(f) 



1- 







Mcdef 1 
Model 2 



0.000 0.025 0.050 0.075 0.100 0.125 



Figure 1: Dependence of the sum Sj with ^ = P/r, for the models 1 and 2. 



In this case the dependence of Sj with ^ is 

^.W = ^ = a.(0' , J = 1,2. 
For the first model we found: 

ai = 0, 02465 ± 0, 0003 , 
while for the second model we found 

a2 = 0,02231 ±0.0003 . 
For both models the value for the exponent b are equal and reads: 

6 = 0.99255 ±0,00325 . 
In the high-temperature regime (/? ^ 0), the expression (jl7p becomes [5] 



{4>*{x)(i>{x))T,Reg. 



1 m(t) 

± 



12/32 f3r 



(27) 



(28) 



(29) 



(30) 



(31) 
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where the constant M^"^^ is defined by 

Idn'^a Jo cosh(n/2) 

Hence, the expression for renormahzed vacuum expectation value of the square 
of the charged massless scalar field, in the high-temperature limit, is given by 

{^*ix)m)T,nen. - + + ' (32) 

Considering 7 = 0.2 and a = 0.99, we have that = -0.0129973. 



4 Concluding remarks 

In this paper we have analysed the thermal effects on the renormalized vacuum 
expectation value of a charged massless scalar field, {4)* {x)4){x)) , in the cosmic 
string spacetime considering the presence of a magnetic flux of finite radius. Two 
specific configurations of magnetic flux have been considered. For both we can 
express the vacuum polarization as 

{^*{x)^{x))T,Ren. = {4>* {x)4>{x))T,Reg. + (0* (x)0(x))^=o + (0* , (33) 

where the first term on the right hand side represents the thermal contribution 
coming from the idealized magnetic flux running along the cosmic string. This 
contribution has been exactly calculated by Guimaraes in [5]. The second term 
is the zero temperature contribution on the vacuum polarization due to the non 
vanishing radius of the magnetic flux tube. This contribution has been analysed 
in [^. The third contribution is the new one. It comes from the combination of 
the non vanishing radius of the magnetic flux tube and non zero temperature. It 
goes to zero for i? ^ and for T ^ 0. Unfortunately this new contribution cannot 
be expressed in terms of any analytical function. So, for both configuration of 
magnetic flux, we observed numerically that in the high temperature regime, the 
thermal contributions due to them present a dependence on the parameter ^ = /3/r 
approximately given by l/i- This means that these contributions are subdominant 
in the high temperature regime. 
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